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Abstract
The reliability based optimization (RBO) issue of composite laminates under fundamental frequency constraint is studied. Consid-
ering the uncertainties of material properties, the frequency constraint reliability of the structure is evaluated by the combination of re-
sponse surface method (RSM) and finite element method. An optimization algorithm is developed based on the mechanism of laminate
frequency characteristics, to optimize the laminate in terms of the ply amount and orientation angles. Numerical examples of composite
laminates and cylindrical shell illustrate the advantages of the present optimization algorithm on the efficiency and applicability respects. 
The optimal solutions of RBO are obviously different from the deterministic optimization results, and the necessity of considering mate-
rial property uncertainties in the composite structural frequency constraint optimization is revealed. 
Keywords: fundamental frequency; reliability based optimization (RBO); response surface method (RSM); basic random variable (BRV); 
failure probability; deterministic optimization 
1 Introduction1
Owing to the advanced elastic properties and 
tailoring capability, as well as the potential for in-
corporating optimum techniques into the design of 
candidate structures, composite materials are com-
prehensively used in the structures of aerospace, 
marine, and automobile engineering. Dynamic 
properties of composites are analyzed for investi-
gating structural issues[1-5] and optimal designs of 
composites with frequency objective or constraint 
are carried out extensively[6-9]. For example, the 
fundamental vibration frequencies of structures 
should be restricted to avoid resonance, and the 
minimum separation between the lowest bending 
and torsional frequencies of composite wings may 
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be governed to improve the flutter characteristics of 
an aircraft.
Optimization of composite structures under 
natural frequency constraints was conducted by 
Fukunaga[10], where only the thickness of each ply 
in a laminate is taken as the design variable. Lami-
nate is optimized by Adali[11] in terms of ply thick-
nesses and orientations under the fundamental fre-
quency constraint, to reduce the cost of laminate. 
Also, the optimization algorithm of laminate fre-
quency issue has been studied by Narita[12-13], which 
is seen to be efficient. 
However, most of the current studies are lim-
ited to under the deterministic conditions, without 
considering the effects of the uncertainties in the 
structures. In fact, deterministic optimal designs of 
composites are strongly anisotropic and sensitive to 
the change of environment because of the large dis-
persity degrees of composite material proper-
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ties[14-16]. Recently, the methodology of reliability 
based optimization (RBO) is developed to solve the 
uncertainties of composite structures. However, 
only some RBO has been realized in the dynamic 
domain. In the field of isotropic material, RBO is 
implemented to the metal truss structure by 
Chen[17-18], where the effects of uncertainties are 
seen to be remarkable in the structural response. For 
the case of composite structures, it is difficult to get 
the explicit function of structural response so that 
more efficient methods are needed for RBO, for 
example, the response surface method developed by 
Bucher[19].
In this article, the RBO of composite laminates 
under fundamental frequency constraint is studied. 
Reliability assessment is carried out by the combi-
nation of response surface method and finite ele-
ment method. The optimization algorithm is pro-
posed based on the mechanism of laminate fre-
quency response, to optimize the laminate in terms 
of the ply amount and orientation angles. Numerical 
examples show that the presented algorithm is more 
efficient and suitable for the RBO issue, and the 
advantages of the RBO results indicate that consid-
ering uncertainties in the frequency constraint opti-
mization of composite structures is highly neces-
sary. 
2 Reliability Analysis 
The aim of structural reliability analysis is to 
get the probability of structural failure, while the 
failure state is denoted by the limit state function. In 
this article, it is defined that failure occurs when the 
structural fundamental frequency F does not exceed 
the given frequency oF . Therefore, the limit state 
function of the structure is written as follows 
o( ) ( )g X F X F   (1) 
where X is the uncorrelated and normal vector, 
which consists of the basic random variables (BRV), 
including elastic constants and density of composite 
materials. g(X) > 0, g(X) < 0, and g(X) = 0 represent 
the safety, failure, and limit state, respectively. 
Hence, the failure probability can be calculated by 
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where f (X) stands for the probability density func-
tion over the failure domain.  
For composite structures, it is always difficult 
to get the explicit function of structural response; 
hence, g(X) is not explicitly known and it is difficult 
to solve Eq.(2) directly. In this case, the response 
surface method (RSM) can provide a feasible way. 
RSM is derived from the experimental design and 
applied to the reliability evaluation of complex mul-
tivariate systems. The basic idea of RSM is to fit a 
response surface function (RSF) to approximate the 
actual limit state function, which is implicit or very 
complex to be evaluated. Then, the reliability as-
sessment can be carried out based on the RSF. The 
RSF, which is fitted for a series of sampling points, 
commonly takes the forms of polynomial of the 
BRV. Bucher and Bourgund[19] proposed a fast and 
efficient RSF, which contains constant, linear, and 
square terms, as shown in Eq.(3).  
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where g*(X) represents the RSF, xi is the ith member 
of BRV vector, and a0, bi, and ci stand for the coef-
ficients to be determined by the sampling points. 
Hence, only 2n+1 sampling points are needed to 
construct the RSF. Then, this RSM is extended to a 
process with more iteration containing the conver-
gence condition, which has been proved to be effec-
tive in engineering efforts. 
In this article, frequency analysis is carried out 
with NASTRAN, and the Bucher’s RSF[19] is intro-
duced to evaluate the frequency constraint reliabil-
ity of composite structure. The searching process of 
Pf is as follows  
(1) In the first cycle, the central point is set as 
X = XM, where, XM is the mean value vector of BRV. 
(2) In the jth cycle, the frequency analysis is 
performed for k sampling points in the neighbor-
hood of X, and G* = [g*1 g*2  ···  g*k]T is formed 
using the values obtained from limit state function 
Eq.(1), where, k > 2n+1. Then, the coefficients a0, bi,
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and ci are determined by the least-square method, 
and then the RSF is obtained. 
(3) The reliability E is calculated by applying 
the geometrical method[20]
Minimizing 2 2
1
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i
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 ¦
Subject to   * 1 2( , , , ) 0ng x x x     (4) 
where Pi and Vi stand for the mean value and coeffi-
cient of the ith BRV, respectively. The correspond-
ing point is noted as X *.
(4) If |E j – E j-1| < Hwhere H is a small number, 
then, the iteration is terminated. Otherwise, the new 
central point X for the (j+1)th cycle is found through 
interpolation
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and proceeded to Step (2). 
At the end of the searching process, the reli-
ability E is obtained, and then, the failure probabil-
ity Pf is calculated by 
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3 Optimization Algorithm 
3.1 Optimization Problem 
The present study is to find an optimal lami-
nate configuration with minimum total thickness 
satisfying the reliability constraint of fundamental 
frequency, i.e., of ( ) 5%P F Fd  , in terms of the ply 
amount and ply orientation of each layer. The lami-
nates studied here are symmetrically plied and the 
thickness of each layer is set to be constant; hence, 
the problem corresponds to searching for the least 
half ply amount. The optimization problem is for-
mulated as follows  
Minimizing  N
Subject to   of ( ) 5%P F Fd 
iT {0°, – 45°, 45°, 90°}         (7) 
where N is the half of the total ply amount and Ti is 
the ply orientation of the ith layer. The ply orienta-
tion is specified as {0°, –45°, 45°, 90°} since it is 
most commonly used in practice. 
Owing to the large amount of calculation 
needed for the reliability assessment, efficient opti-
mization algorithm is required to reduce the work 
load of the calculation. Hence, the algorithm pre-
sented in this article is developed based on the spe-
cific mechanism of composite laminate, which is 
different from all-purpose algorithms. This algo-
rithm consists of two stages, the deterministic stage 
and the RBO stage. 
3.2 Optimization algorithm 
In the deterministic stage, a deterministic algo-
rithm is applied for the minimum N under the fre-
quency constraint F > oF , while the uncertainties of 
material parameters are not considered. The deter-
ministic algorithm is based on two principles.  
Firstly, the physical observation of Narita[12] is 
utilized in the algorithm, that is, the outer layer of 
laminate has more stiffening effect on the bending 
than that of the inner layer and more influence on 
the natural frequency. Narita proposed a layerwise 
optimization approach to maximize the fundamental 
frequency of a constant-thickness laminated plate by 
determining the layer orientations in sequential or-
der from the outermost layer to the innermost layer. 
The algorithm was proved to be highly efficient and 
globally optimal by Narita’s later study[13]. The ap-
proach was also introduced into Adali’s study[11] for 
the variable thickness case and was proved efficient 
and globally optimal. 
Secondly, the correlation between the funda-
mental frequency and thickness of the laminate ex-
ists, which has been found by the authors, and is 
applied to the presented algorithm. A survey has 
been performed on the fundamental frequency of a 
symmetrically laminated 2N-layered plate, and each 
layer has the same thickness. 
Fig.1 depicts the searching processes of the 
maximum fundamental frequencies of laminates 
with different thicknesses, using the layerwise opti-
mization approach. The ply amount N varies from 3 
to 10 and Ti is initialized as 0° at the beginning of 
each searching process. In Fig.1, the fundamental 
frequency of each 2N-layered plate increases with 
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the optimization by determining the layer orienta-
tions in sequential order from the outermost layer to 
the innermost layer. Also, it should be noted that the 
maximum frequency rises with the increase of 
thickness N but not all the stacking sequences of the 
thicker laminate have higher fundamental frequen-
cies than those of the thinner laminate. Therefore, it 
can be concluded that laminates of different thick-
nesses may have the same fundamental frequency.  
Fig.1  Searching processes of the maximum fundamental 
frequencies of laminates of different thickness. 
The deterministic algorithm is based on the 
two above mentioned principles. First, the search of 
the maximum fundamental frequency of the 2N-
layered laminate is carried out. If F > oF , it indi-
cates that oF  may be obtained in the thinner lami-
nate; then, N should be reduced and the search 
should be continued until the maximum F of the 
current laminate is less than oF , and the stacking 
sequence of the last 2N-layered laminate, which is F
> oF , is taken as the optimum stacking sequence, 
and the optimization process is terminated. If, at the 
beginning, F > oF  is not met, which indicates that  
oF  should be increased can be obtained only in 
thicker laminate, and N and continue the search is 
found, until the stacking sequence corresponding to 
F > oF  is found, i.e. the optimal one. 
After the deterministic stage is complete, reli-
ability assessment is established for the determinis-
tic optimal solution, and if the reliability constraint 
is satisfied, i.e., Pf < 5%, the solution will be the 
RBO optimal solution; otherwise, the RBO stage 
will be performed. During the RBO stage, the 
search of the maximum fundamental frequency is 
continued, and the reliability constraint is verified 
when F > oF . N should be increased if the stacking 
sequence of the maximum F cannot meet the re-
quirement of reliability. Finally, the stacking se-
quence that satisfies the reliability constraint is the 
RBO optimal solution. 
3.3 Flow chart of the algorithm 
The whole process of the present optimization 
algorithm is shown in Fig.2. 
Fig.2  Flow chart of RBO algorithm. 
In Fig.2, add and sub represent the introduction 
and elimination of the layer, respectively; “F maxi-
mization” is the searching process of the maximum 
frequency of the laminate of current thickness, car-
ried out by determining the layer orientations in 
sequential order from the outermost to the innermost 
layer; and “S_larger” is the stacking sequence for  
F > oF  found during the process of reducing N.
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Moreover, it should be declared that “Yes” case of  
F > oF  indicates that the following process will be 
performed once F > oF  is found while “No” indi-
cates that the maximum F of the current laminate 
cannot meet F > oF . Additionally, “deterministic 
optimal solution” represents the optimal solution of 
the deterministic stage, and “RBO optimal solution” 
represents the final optimal solution of the RBO 
stage.
4 Numerical Examples 
4.1 Verification of deterministic optimization 
algorithm
Frequency constraint optimizations of rectan-
gle laminated plates with different boundary condi-
tions and a simply supported cylindrical shell have 
been studied to verify the deterministic optimization 
algorithm. The following material properties are 
used (T300/5208): 
E1 = 181 GPa, E2 = 10.3 GPa, G12 = 7.17 GPa, 
Ȟ = 0.28, U= 1 600 kg/m3
These optimizations are also solved by the 
commercial optimization package iSIGHT, in which 
the multi-island genetic algorithm (MIGA) is used. 
In MIGA, 10 islands, each with 10 populations, are 
set to be operated for 10 generations, i.e., totally   
1 000 times of frequency analysis are needed for 
one optimization task. The comparisons between the 
optimal results of the deterministic optimization 
algorithm and iSIGHT are shown in Table 1. In the 
table, k represents the analysis times used in the 
optimization process and S, F, and C represent sim-
ply-supported, free, and clamped-supported, respec-
tively. 
Table 1 Comparisons between optimum solutions of laminated plates and cylindrical shell for deterministic       
optimization algorithm and iSIGHT 
  Deterministic optimization solution iSIGHT solution 
o/HzF F/Hz N k Ply orientations F/Hz N k 
50 50.40 3 31 [902/–45]s 50.40 3 1 000 
85 87.67 6 46 [90/–45/04]s 97.96 6 1 000 
110 113.92 7 102 [903/–45/03]s 112.89 7 1 000 
152 154.08 10 294 [903/–45/06]s 162.45 10 1 000 
SSSS
175 178.45 11 382 [905/–45/05]s 177.47 11 1 000 
50 50.07 7 91 [07]s 50.04 8 1 000 
85 85.83 12 451 [012]s 85.42 13 1 000 
110 114.44 16 838 [016]s 110.28 17 1 000 
152 157.35 22 1 090 [022]s 152.62 25 1 000 
SFSF
175 178.81 25 2 323 [025]s 175.07 27 1 000 
50 70.70 2 16 [90/0]s 50.90 2 1 000 
85 98.49 3 23 [90/02]s 103.99 3 1 000 
110 110.27 3 31 [902/–45]s 110.27 3 1 000 
152 154.92 5 38 [90/–45/03]s 161.45 5 1 000 
CCCC
175 181.03 5 45 [902/03]s 175.48 5 1 000 
210 246.38 2 16 [90/0]s 246.38 2 1 000 
350 364.28 5 38 [90/–45/03]s 346.28 5 1 000 
425 426.48 7 153 [903/–45/03]s 432.81 9 1 000 
500 507.88 10 323 [902/45/902/–45/03]s 509.95 10 1 000 
Cylindrical 
shell 
533 547.21 11 462 [902/–45/90/–45/06]s 534.01 13 1 000 
In Table 1, the optimum N obtained through the 
deterministic optimization algorithm agrees with 
that obtained through iSIGHT for most cases. 
However, for some of the SFSF cases, the determi-
nistic optimization solutions are more optimal than 
that of iSIGHT. For the cases of SSSS and CCCC 
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and cylindrical shell, k indicates the advantage of 
the deterministic optimization algorithm in compu-
tational efficiency. Also, the situation of the large 
amount of analysis efforts for oF  = 152 Hz and 175 
Hz of SFSF can be improved by changing the initial 
value of N. Moreover, it is noted that all cases of 
SFSF have an identical solution of [0N]s, because it 
is effective to stiffen the plates by stacking the fi-
bers along the directions of the opposite sides for 
the opposite simply-supported edges. 
Fig.3 shows the comparisons of the optimal 
half ply amount N of the laminated plates under dif-
ferent boundary conditions. There is a common ten-
dency for the three boundary conditions, that is, N
increases with the frequency constraint oF  rising. 
However, the N of SFSF increases with the highest 
rate, which is increasing by 18 when oF  varies 
from 50 Hz to 175 Hz, while that of CCCC changes 
with the lowest rate, which is increasing by 3 during 
the same varying period of oF . Therefore, it can be 
concluded that the more stiffened the plate is re-
stricted, the much slower the fundamental frequency 
varies when the layers of the plate increase or de-
crease.
Fig.3  Comparisons of N of laminated plates under different 
boundary conditions. 
4.2 RBO results 
RBO is performed for the above mentioned 
structures and then the solutions are compared with 
those of the deterministic optimization designs as 
shown in Table 2. The material properties E1, E2,
G12, and Uare treated as uncorrelated BRV with 
normal distribution, and their distributed characters 
are given in Table 3.  
Table 2 Comparisons between RBO and deterministic solutions 
  Deterministic optimization solution  RBO solution 
F o/Hz F/Hz N Ply orientation Pf/% F/Hz N Ply Orientation Pf/%
50 50.40 3 [902/-45]s 40.73 62.56 4 [–45/903]s 0 
85 87.67 6 [90/-45/04]s 17.68 90.04 6 [902/04]s 4.36 
110 113.92 7 [903/-45/03]s 15.18 116.55 7 [904/–45/02]s 4.58 
152 154.08 10 [903/-45/06]s 34.24 160.83 10 [905/05]s 4.87 
SSSS
175 178.45 11 [905/-45/05]s 28.21 198.68 12 [–45/9011]s 0.01 
50 50.07 7 [07]s 48.52 57.22 8 [08]s 0.01 
85 85.83 12 [012]s 39.28 92.98 13 [013]s 0.69 
110 114.44 16 [016]s 13.53 121.59 17 [017]s 0.31 
152 157.35 22 [022]s 16.72 164.50 23 [023]s 1.47 
SFSF
175 178.81 25 [025]s 27.34 185.96 26 [026]s 4.62 
50 70.70 2 [90/0]s 0 70.70 2 [90/0]s 0 
85 98.49 3 [90/02]s 0 98.49 3 [90/02]s 0 
110 110.27 3 [902/–45]s 47.20 124.23 4 [–45/903]s 0.02 
152 154.92 5 [90/–45/032]s 28.89 170.18 5 [903/03]s 0.07 
CCCC
175 181.03 5 [903/02]s 16.70 197.65 6 [–45/905]s 0.03 
210 246.38 2 [90/0]s 0 246.38 2 [90/0]s 0 
350 364.28 5 [90/–45/03]s 11.38 379.20 6 [–45/90/45/03]s 0.97 
425 426.48 7 [903/–45/03]s 45.79 464.59 8 [904/45/03]s 0.52 
500 507.88 10 [902/45/903/–45/03]s 31.35 538.57 12 [–45/45/902/–45/45/902/04]s 1.60 
Cylin-
drical 
shell 
533 547.21 11 [902/–45/90/–45/06]s 21.56 563.60 12 [903/45/90/–45/45/05]s 4.50 
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Table 3 Distributing characters of BRV 
RBO Mean value Coefficients of varia-tion/% 
E1/GPa 181 5 
E2/GPa 10.3 5 
G12/GPa 7.17 5 
U/(kg·m–3) 1 600 5 
The failure probabilities of the deterministic 
solutions and the RBO solutions are given in Table 
2. In this table, only the cases of oF = 85 Hz and 50 
Hz for CCCC and the case of oF  = 210 Hz for cy-
lindrical shell satisfy the reliability constraint, while 
the other cases do not. Most of the cases that do not 
satisfy the reliability constraint have increased the 
number of N and changed their stacking sequences. 
However, some cases only vary the ply orientations 
and do not change the number of N, such as the 
cases of  oF = 152 Hz and 85 Hz for SSSS, and the 
cases of  oF =152 Hz for CCCC. The results show 
that the material property uncertainties play the re-
markable roles on the laminate fundamental fre-
quency, and should be taken into consideration in 
the stacking sequence optimization. 
5 Conclusions 
The RBO of composite laminate under the 
fundamental frequency constraint is studied. The 
total thickness of the laminate is minimized subject 
to the reliability constraint of fundamental fre-
quency, in terms of the ply orientations and the ply 
amount. The reliability is evaluated by the response 
surface method. An optimization algorithm is de-
veloped based on that the outer layer has more 
stiffening effect on the laminate bending frequency 
than the inner layer, and there is certain correlation 
between the fundamental frequency and thickness of 
the laminate. Numerical examples have been pre-
sented on laminated plates of different boundary 
conditions and a laminated cylindrical shell illus-
trating the advantage of the present optimization 
algorithm for its efficiency and applicability for the 
RBO problem under composites frequency con-
straint, comparing with the all-purpose algorithm in 
commercial optimization package. The RBO solu-
tions show some differences compared with the de-
terministic optimization results, which indicate that 
the fundamental frequency of the laminate is influ-
enced by the uncertainties of the structure. There-
fore, in the optimization of composite structures 
under frequency constraint, the uncertainties of the 
structure, such as material properties should not be 
omitted. 
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